The canonical formalism of the electromagnetic field in the Landa~u gauge is studied. Unlike the case of Nakanishi, the dipole ghost states are not introduced. The singular character of the longitudinal and scalar components are pointed out, and the difficulty originated from the unnormalizable norm of the state vectors are evaded by an appropriate limiting procedure. The interacting case is also discussed in the interaction representation. § I. Introduction As is well known, the quantization of the electromagnetic field is usm~lly performed by regarding the Lorentz condition as a supplementary condition imposed on " physical states ".
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l
Correspondingly, the photon propagator does not satisfy the Lorentz condition. However, in the course of the study of the asymptotic behavior of propagators, Landau 2 l widely used the photon propagator which satisfied the Lorentz condition. It was also shown by many authors 3 l that the Landau gauge was convenient for the study of the ultraviolet divergence. From the formal pojnt of view, Just 4 l discussed the merits of the Landau gauge. It was, however, customary to introduce the Landau gauge ad hoc after quantization, until Nakanishi 5 l recently proposed a consistent quantization formalism of the free electromagnetic field. Although Nakanishi's method is certainly consistent in itself, the interacting field in the Heisenberg picture can not be easily handled in his formalism. Also the relation between Nakanishi's method and the usual canonical formalism is not clear. Since it is essential to introduce dipole ghost states, his formalism may have a close :relation to the Gupta-. Bleuler 6 l formalism, where states with negative norms appear. The purpose of the present note is to study the canonical formalism of the electromagnetic field in the Landau gauge. In § 2, the Lagrangian and the Hamiltonian formalism are developed. Though we shall discuss the case of the free electromagnetic field, it is obvious that the situation in the interacting case is essentially the same as in the case of the free field. In § 3, we shall see that the state vectors for the scalar and longitudinal photons are so different from those for transverse photons that the occupation number representation is not permitted. There, we shall also find some reasons for dipole ghost states which appear in Nakanishi's formalism. Section 4 is devoted to the study of the definition of the vacuum state and vacuum expectation functions. In § 5, we shall discuss the interaction representation and the S-matrix. § 2. The Lagrangian and the Hamiltonian formalism \Ve consider the free electromagnetic field by taking the following Lagrangian density,
where G is a Lagrange multiplier which is introduced to guarantee the Lorentz These equations are essentially the same as those in reference 5), which are derived by introducing the term t (8 ,. GY besides the terms appearing in (2 ·1) into the Lagrangian density. Therefore, the term t (8, 
where hJ=aiAJ-fJjAi (i,j=I, 2, 3).
The canonical equations are derived from the Hamiltonian (2 ·10) as follows,
an·o alii
which are obviously seen to coincide with the Euler equations (2 · 2) and (2 · 3), and the definition (2 · 7) of the canonical momenta IIi.
In order to obtain the commutation relation of the vector potentials AJL at arbitrary world points, we shall solve the canonical equations (2 ·11) as the initial value problems. The solutions are the following,
According to (2 · 9) and (2 · 12), we can easily obtain the following commutation relation,
which is the same as that given in reference 5). This commutation relation has been already given by Utiyama. 7 ) In the same way, we also obtain
(2 ·14b) (2 ·14c) Equation (2 · 2) indicates that in order to get agreement with Maxwell equations we must put G = 0. This condition corresponds to the Lorentz condition regarded as the supplementary condition. From Eqs. (2 · 4), (2 · 8) and (2 ·11b), we must impose the following conditions on "physical states",
In the interacting case, (2 ·15b) should be replaced by
By using the conditions (2 ·15), the equivalence of the Landau and the Coulomb gauge formalism can be easily shown. § 3.
Eigenfunctions and eigenvalues of the Hamiltonian
In order to obtain the eigenfunction of the Hamiltonian (2 ·10), we use the spacial Fourier decompositions of A,.. and II~' as follows,
where Vis a normalization volume.
, and the e>-(k) 's are polarization vectors which satisfy the following relations,
The commutation relations are as follows,
Now, the Hamiltonian (2 ·10) becomes the following, where
To see unusual features of the scalar and longitudinal parts, let us study the following eigenvalue problem, 
Since Pk is a constant of motion besides energy Ek, denoting )."' by an eigenvalue of Pk we obtain the eigenfunctions cp< 1 ) and eigenvalues as follows,
and
Similarly, we can abo obtain eigenfunctions and eigenvalues of hkc 2 ).
Since ).k can be an arbitrary real positive number and nk can take a negative integer as well as a positive integer, a set of eigenvalues Ek (I) is a set of the whole real numbers; that is, the spectrum is continuous. Therefore, the space spanned by cjJCl) is essentially different from that of the state vectors of the transverse photons. Thus we cannot take an ordinary occupation number representation for the longitudinal and scalar ~arts. The circumstances such as above are characteristic of the. case where the equation of motion is a higher order differential equation. In our case, the equation for 0.~ is (3 ·10) Pais and Uhlenbeck 8 ) already investigated in detail the dynamical systems with higher order derivatives and pointed out all the characteristics stated above.
It is also well known (2 ·15) always diverges, the contradiction between the supplementary condition Gj<jJ)=O and the commutation relation (2·14c) occurs. Moreover, even if we have a disregard of the supplementary condition, the eigenstates of the Hamiltonian in our case are not normalizable in the ordinary :sense. Therefore to keep the formal manipul~tion rule in the Hilbert space, we have to make the norm of the state vector convergent artificially and to recover the supplementary condition and the eigenstates of the Hamiltonian in a limiting case. . In the covariant perturbation theory, Wick's theorem plays an important role. In our case, however,. it is not clear whether we can employ th~ theorem conveniently, because the creation and annihilation operators for the longitudinal and scalar photons are not well defined. In spite of the circumstances, we can decompose A.u into the positive and negative frequency parts almost uniquely. Actually, A.u (x) can be written as follows, where
and a#* is hermitian conjugate to aw From (4·1) and (3·2), we have the following commutation relation,
which is the same as that given in reference 5). Following Wick's theorem, the expectation values of T-products are given by a sum of products of contractions if the expectation values of the normal products are zero. T'herefore, it is very convenient to define the vacuum state as the state in which the e;xpectation values of Nproducts are zero. For this purpose, let us define the vacuum state as follows,
There is no trouble in the ·transverse part of a" (k). Because of the relation k"a" = 0, with respect to the scalar and longitudinal parts it is sufficient to study the following equation, where
The state satisfying (4·4) is easily obtained as a function of qc, Os, Qc and qs as follows,
It should be emphasized that in the course of calculations we have to assume k,.
2 =z>O and that in the final step we take a limit s->0. Then, it can be shown that the supplementary condition (2 ·15) holds in the following sense, 10 ) lim (Norm of PciO)) c->O =lim IIPciO) II= 0 ( v s) ~o .
(4 ·6)
8-->0
Similarly, the expectation values of h< 1 ) and h< 2 ) are also zero. Now, we are ready to calculate the vacuum expectation value <T(A,. (x) A"(y ))) 0 • Since the vacuum expectation value of the normal product <NCA,.Av) ) 0 is equal to zero, <TCA"A") ) 0 should be equal to the contraction. By making use of ( 4 · 2), ( 4 · 3) and (2 ·14a), the following result is obtained,
which is nothing but the propagator in the Landau gauge. 3 ) In computing a vacuum expectation function <TCA,. 1 
Here, we would like to emphasize that there does not appear explicitly the auxiliary field G (x) in the S-matrix. From the discussion in ~ 4 and Eq. (5 · 8) , it is clear that we can calculate the S-matrix element following the familiar Feynman-Dyson rule. In the present case, however, the photon propagator gfoVDP(x) must be replaced by the n;v(x) given by Eq. (4·7).
